Abstract. In this paper, we study the complexity of semigroup actions using complexity functions of open covers. The main results are as follows:
Introduction
It is well known that topological entropy is an invariant of topological conjugacy. If the topological entropy is positive, the system is complex and chaotic. If the entropy is zero, the system is rather simple. However from the theory and application, there still exists relatively complex and chaotic behavior. Therefore, for more general research on complexity of a system, one can study the complexity function of a system. This idea was firstly introduced in the research of ergodic theory (see [1] ), and then in symbolic dynamical systems (see [2] ) by Ferenczi. Recently, Blanchard, Host and Maass used open covers to define a complexity function for a continuous map on a compact metric space, and discussed the equicontinuity and scattering properties (see [3] ). We study topological complexity of semigroup actions. In §2 a dynamical system is equicontinuous if and only if any open cover has bounded complexity; In §3 we prove that weak-mixing implies scattering; In §4 we get a criterion for the scattering property.
Let X be a compact metric space and T a topological semigroup. Denote the set of all finite subsets of T by F (T ).
• Suppose X is a topological space, T is a topological semigroup, if a map
then we call π is right action of T on X; If the right action π is continuous, then (X, T, π) is called a semi-dynamical system (abbreviation: (X, T )). Often we write π(x, t) = xt.
• If there is a point x ∈ X such that xT = X (where xT = {xt | t ∈ T }), then (X, T ) is called topologically transitive; If for any non-empty open sets U, V, there exists t ∈ T such that π −1 t U ∩ V = ∅, then (X, T ) is called topologically ergodic; If (X × X, T ) is topologically ergodic, then (X, T ) is weak-mixing.
• If for any ε > 0, there is η > 0 such that if x, y ∈ X with d(x, y) < η, then for all t ∈ T , one has d(xt, yt) < ε, we say that (X, T ) is equicontinuous.
Equicontinuity and topological complexity function
denote the number of sets in a finite subcover of α A 0 with smallest cardinality. We get a map r 0 (T, α, ·) :
is said to be the topological complexity function of the cover α of (X, T ), we often call it complexity function of α.
Given a finite cover
be the set of maps from T to E and M (A, E) the set of maps from A to E. 
Theorem 2.1. (X, T ) is equicontinuous if and only if for any finite open cover
Proof. ⇒. Let ε be a Lebesgue number of the cover α,
Since ε is a Lebesgue number of α, there exists
This means that t∈A ( 
Without loss of generality, let
, which contradicts the assumption. 
So one takes A = {t 1 }, then r 0 (T, α, A) ≥ 2. By the continuity of π, there exists a neighborhood U 1 ⊂ U of x 1 such that U 1 t 1 ⊂ V and there are x 2 , x 2 ∈ U 1 and t 2 ∈ T , such that
By the continuity of π, there exists a neighborhood U 2 of x 2 , x 3 , x 3 ∈ U 2 and t 3 ∈ T such that
Using similar arguments repeatedly, we can get an infinite sequence 
Lemma 3.1 ([4]). Suppose that T is an abelian topological group, then (X, T ) is not weak-mixing if and only if there exist two non-empty open sets U and V such that
(3.2) either U ∩ U t = ∅ or U ∩ V t = ∅, ∀t ∈ T.
Proposition 3.2. Suppose that T is an abelian topological group, for any standard cover α, there is A ∈ F (T ) such that r 0 (T, α, A) > |A| + 1, then (X, T ) is weak-mixing, where |A| denote the number of elements of A.
Proof. Suppose (X, T ) is not weak-mixing, by Lemma 3.1, there are non-empty open sets U and V satisfy (3.2) without loss of generality, suppose
For any x ∈ X, if there is If J is a closed invariant set of X × Y , write
If for any
In [4] , K. Petersen concluded that if T is an abelian topological group, then for any minimal system (Y, T ), (X, T ) and (Y, T ) are weak disjoint. We prove the following theorem: 
Proof. Assume the assertion is not true, then there is a minimal system (Y, T ) such that (X × Y, T ) is not topologically ergodic. So there is a non-empty open invariant set
Suppose the projection of U to X is U 1 , there is a transitive point x 1 ∈ U 1 , J * (x 1 ) is closed and has non-empty interior in the minimal set Y , so there is
K is a closed invariant set. Obviously, K is closed. We need to prove it is invariant, since for any (x, y) ∈ K, there is s ∈ A such that (x, y) = (x, y 1 s) and (x, y 1 ) ∈ J. For any t ∈ T, (xt, yt) = (xt, y 1 st) = (xt, y 1 ts), furthermore, (xt,
Fix y 0 ∈ Y , since J = X × Y, and (Y, T ) is minimal, we know J * (y 0 ) = X. This implies there is a closed neighborhood U of y 0 such that
bi α. Therefore, the complexity function of α is bounded.
In the following we suppose T is a topological group satisfying the second axiom of countability. Let K(X) be the class of all non-empty and closed subset of X. for x ∈ X, we denote by B d (x, ε) Define a mapπ :
Proposition 4.2.π is a continuous action of T on K(X).
Proof. It is easy to checkπ is a right action of T on K(X). We only need to proofπ is continuous. For any t ∈ T and A ∈ K(X), for any a ∈ A, by the continuity of π : X × T → X at point (a, t), for any ε > 0, there exist a positive number η a and a neighborhood U a of t, such that for any x ∈ B d (a, η a ) and s ∈ U a , we have
Since A is a compact set, there are finite elements a 1 , . . . , a N of A such that
Put η = inf 1≤i≤N η ai , then we consider the neighborhood B ρ (A, 
